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Coherent noise can be much more damaging than incoherent (probabilistic) noise in the context
of quantum error correction. One solution is to use twirling to turn coherent noise into incoherent
Pauli channels. In this Article, we show that some of the coherence of the noise channel can
actually be used to improve its logical fidelity by simply sandwiching the noise with a chosen pair of
Pauli gates, which we call Pauli conjugation. Using the optimal Pauli conjugation, we can achieve
a higher logical fidelity than using twirling and doing nothing. We devise a way to search for the
optimal Pauli conjugation scheme and apply it to Steane code, 9-qubit Shor code and distance-3
surface code under global coherent Z noise. The optimal conjugation schemes show improvement
in logical fidelity over twirling while the weights of the conjugation gates we need to apply are lower
than the average weight of the twirling gates. In our example noise and codes, the concatenated
threshold obtained using conjugation is consistently higher than the twirling threshold and can be
up to 1.5 times higher than the original threshold where no mitigation is applied. Our simulations
show that Pauli conjugation can be robust against gate errors. With the help of logical twirling,
the undesirable coherence in the noise channel can be removed and the advantages of conjugation
over twirling can persist as we go to multiple rounds of quantum error correction.
I. INTRODUCTION
The quantum fault-tolerant threshold theorem states
that when the error rate of the physical components is
below a certain threshold value for a given quantum error
correction code, we can reduce the error rate of the logi-
cal qubits indefinitely by scaling up our code [1–3]. Thus
for a given code, its threshold value is the target hard-
ware error rate the experimentalists will aim for. The
threshold error rate is defined using the worst case error
rate like the diamond distance since it is related to the
rate of error accumulation. However, experimentally we
can only measure the average error rate like the fidelity
efficiently. For Pauli channels, the worst case error rate is
similar to the average case error rate. However, for coher-
ent (unitary) errors, their worst case error rate can scale
as the square root of the average error rate, making them
potentially more damaging to quantum error correction
codes due to a faster rate of error accumulation [4–10].
At the physical qubit level, coherent noise can be miti-
gated using dynamical decoupling [11, 12], however there
are limitations due to imperfect control pulses and finite
pulse durations and intervals. In the context of quan-
tum error correction, local physical coherent noise will be
decohered at the logical level as the code scale up [13].
Their damage to the encoded state can be mitigated by
using better decoders [14]. Gate-level coherent errors
in quantum error correction circuit can be mitigated by
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splitting the stabiliser check into two oppositely rotating
halves [15] with some requirements on the gates avail-
able to the given architecture. A more general solution
would involve using Pauli twirling to turn the coherent
noise into a Pauli channel [16–19], which as mentioned
before can be much less damaging to the fault-tolerant
threshold. Twirling generally involves using all possible
Pauli gates to sandwich the noise channel and averaging
over the results. The average weight of the extra twirling
gates we need to apply scales with the total number of
qubits, thus the gate errors introduced by the twirling
gates are not negligible.
In this Article, instead of using twirling to combat
coherent errors, we propose to deterministically sand-
wich the noise channel using a chosen pair of Pauli
gates, which we call Pauli conjugation. We start by
introducing some background concepts in Section II.
In Section III, we find ways to reduce the search space
for the optimal Pauli conjugation scheme. This is then
used in Section IV to compare the logical fidelity and
concatenated threshold of Pauli conjugation to those
of twirling for several quantum error correction codes
under global Z rotation noise. In Section V, we discuss
the extension of our technique to multiple rounds of
error corrections and conjugations. This is followed by
conclusion and discussion of possible future directions in
Section VI.
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2II. LOGICAL FIDELITY IN QUANTUM ERROR
CORRECTION
A. Pauli Transfer Matrix Formalism
In the Pauli transfer matrix formalism [20], the density
operators are written in vector form by decomposing into
Pauli basis G ∈ G:
ρ =
1
2n
∑
G∈G
Tr(Gρ)G
⇒ |ρ〉〉 =
∑
G∈G
|G〉〉〈〈G|ρ〉〉
where we have defined the inner product as:
〈〈G|ρ〉〉 = 1√
2n
Tr(Gρ)
We have added a scaling factor 1√
2n
when we use the
Pauli operators as basis, where n is the number of qubits.
This is to ensure the normalisation of the basis set {|G〉〉}.
In such a way, a general quantum channel E can be
written in matrix form:
E =
∑
G,G′∈G
|G′〉〉〈〈G′|E|G〉〉〈〈G|
with the matrix elements given by
EG′G = 〈〈G′|E|G〉〉 = 〈〈G′|E(G)〉〉 = 1
2n
Tr(G′E(G)).
B. Quantum Error Correction
For a code defined by the set of stabilisers S, we will
denote the stabiliser generators as S˜. In this Article,
the generator of a set is denoted using ˜. When we
talk about the generators for a Pauli set, the composition
operation we used in the generation will ignore all the
phase factors in front.
We will do stabiliser measurements for all S˜i ∈ S˜ to
extract the error syndrome ~m whose element mi ∈ {0, 1}
is the measurement outcome of the stabiliser generator
S˜i. This will project the noisy state into the correspond-
ing ~m-syndrome subspace using the syndrome projection
operators
Π~m =
|S˜|∏
i=1
(
1 + (−1)mi S˜i
)
2
.
For each measured syndrome ~m, we will apply the corre-
sponding recovery operator R~m, which is usually chosen
to be the most likely Pauli error that leads to the given
syndrome. Using to denote a super-operator(
A+B
)
ρ = AρA† +BρB†,
the overall quantum error correction process can be writ-
ten as:
C =
∑
~m
R~mΠ~m =
∑
~m
Π0R~m
where we have used Π~m = R~mΠ0R~m.
If we start within the logical subspace, the error cor-
rection process C will always project the state back to the
logical subspace even after going through a noisy chan-
nel N . Thus, the effective channel N0 = CN will be a
error channel that takes one logical state to another, i.e.
it is a logical noise channel. The effective logical noise
channel N 0 is defined to be the average over all logically
equivalent starting and final states:
N 0 =
∑
G,G′∈G
|G′Π0〉〉〈〈G′Π0|CN |GΠ0〉〉〈〈GΠ0|
=
∑
~m
∑
G,G′∈G
|G′Π0〉〉〈〈G′Π0|Π0R~mN|GΠ0〉〉〈〈GΠ0|
=
∑
~m
∑
G,G′∈G
|G′Π0〉〉〈〈G′Π0|R~mN|GΠ0〉〉〈〈GΠ0|
= RN (1)
where R = ∑~mR~m [21].
C. Twirling and Conjugation
Twirling is a technique for converting an arbitrary er-
ror channel into a Pauli channel [16, 17, 22], which is
carried out by taking the average of the error channel
conjugated with different gates chosen from a set of Pauli
gates W ⊆ G that we call the twirling set. Convention-
ally, twirling is carried out using the full set of Pauli gates
as the twirling set: W = G. However, it is possible to
find a smaller W that is equivalent to the full Pauli set
as we will see later (also shown in [23]).
Twirling a noise channel N is just
T (N ) = 1|W|
∑
W∈W
W N W (2)
Twirling can decohere the Pauli components in the noise
channel and turn it into a Pauli channel. This will corre-
spond to removing the off-diagonal elements of the Pauli
transfer matrix of the channel.
Using (1) and (2), the effective logical channel after
twirling is:
N T = RT (N )
=
1
|W|
∑
W∈W
RW N W .
Instead of averaging over all twirling gates, if we de-
terministically conjugate the noise process with a given
3twirling gate W , the effective logical channel can be writ-
ten as
N (W ) = RW N W
which we will call Pauli conjugation.
Then we have:
N 0 = N (I)
N T = 1|W|
∑
W∈W
N (W ).
The logical fidelity of N (W ) is
F (W ) =
∫
〈〈ρ|N (W )|ρ〉〉 dρ
where ρ is a logical state and the integral is over the pure
state surface using the Haar measure.
Since the fidelity F is a linear function of the noise
process N , we can similarly obtain the original logical
fidelity F0 and the twirled logical fidelity FT :
F0 = F (I)
FT =
1
|W|
∑
W∈W
F (W ).
There exists a Wmax ∈ W such that F (Wmax) is the
maximum F (W ) that we can achieve. By definition we
have
F (Wmax) ≥ F (I)
F (Wmax) ≥ FT .
Thus if we can find such Wmax and deterministically ap-
ply it to the noise instead of doing nothing or randomly
applying all W ∈ W, we can obtain a higher fidelity
F (Wmax) than the original fidelity F (I) and the twirled
fidelity FT .
D. Mechanism of Conjugation
Let us first consider the case when we perform quan-
tum error correction on a unitary (completely coherent)
noise channel and obtain the 0-syndrome (mi = 0 ∀i).
The resultant effective noise channel will contain an
error-free components representing by the coherent su-
perposition of the stabiliser operators
∑
i αiSi. When
acting on a logical state, the effective amplitude corre-
sponding to the logical identity will then be
∑
i αi.
Now if we apply Pauli conjugation using the operator
W to the error channel, the error-free components will
become
∑
i αiWSiW , which corresponds to an amplitude
of
∑
i η(W,Si)αi for the logical identity. Here η(A,B) is
the commutator between operators A and B:
AB = η(A,B)BA.
Thus Pauli conjugation will change the sign of the
Pauli components of the error channel, changing the way
the Pauli components interfere. For the 0-syndrome case,
if we can choose a conjugation operator W such that∑
i η(W,Si)αi ≥
∑
i αi, i.e. the error-free components
(the stabilisers) interfere more constructively with con-
jugation than without, it will lead to an increase in the
logical fidelity of the channel using conjugation. The nor-
malisation of the channel also means that the logical error
components of the channel will interfere more destruc-
tively when using conjugation. Similar arguments can
be made for the non-zero-syndrome cases.
Hence for a given noise channel, as long as there is
some coherent superposition of its Pauli components cor-
responding to the same logical operators for a given syn-
drome, Pauli conjugation should be able to improve its
logical fidelity by changing the relative signs between
the components and alter the way they interfere. One
case for which Pauli conjugation will not be able to
help is when the identity is the optimal conjugation gate
Wmax = I, i.e. the noise Pauli components are interfer-
ing in the optimal ways for the given code, which should
be unlikely unless we have hand-picked our code to ex-
actly fit the noise process.
III. FINDING THE OPTIMAL CONJUGATION
GATE
The usual Pauli twirling will have W = G. For n
qubits, this means that there are 4n elements in W that
we need to search over to find Wmax, which is exponen-
tially difficult for large n. Hence, we first need to reduce
the size of W in order to find Wmax effectively.
Rather than dealing with the twirling set W, we will
first be working with its generator W˜. The reason we
can work with the generators for our later purposes is
outlined in Appendix C.
The generators of the conventional twirling set is just
W˜ = G˜. For a given quantum error correction code, the
generators of the Pauli basis G˜ can be divided into the
following partitions:
• Stabiliser generators S˜: the set of Pauli operators
that define the stabiliser checks of the code.
• Logical generators G˜: together with the stabiliser
generators, they generate the set of logical opera-
tors G, which is just the normaliser of the set of
stabilisers S.
• Error generators E˜: All the remaining generators
needed to generate the whole Pauli set. Each error
generator E˜ anti-commutes with a different subset
of stabiliser generators and thus will produce a dif-
ferent syndrome.
Hence, we have
W˜ = G˜ = S˜+ E˜+ G˜
4Note that we have used the label ‘error generators’ since
each such element creates a code violation, but physical
error process can give rise to elements of any of these sets,
and in particular those in G˜ which create undetectable
logical errors.
A. Removing Stabilisers and Logical Operators
R and S commute because they are both Pauli chan-
nels which are diagonal in the form of Pauli transfer ma-
trix. Hence, for any channel N , and logical states |ρ〉〉
and |ρ′〉〉, we have:
〈〈ρ′|RSN S|ρ〉〉 = 〈〈ρ′|SRN S|ρ〉〉 = 〈〈ρ′|RN |ρ〉〉
which means that conjugation using stabilisers on any
noise channel has a trivial effect on the effective logical
channels. Hence, we can remove all stabilisers from the
twirling generator set and reduce it to:
W˜ = E˜+ G˜
Now if we are calculating the logical fidelity, we are inte-
grating over all the logical pure state using the unitary
Haar measure, which is by definition invariant under any
unitary transformation. Thus we have:
F0 =
∫
〈〈ρ|RN |ρ〉〉 dρ
=
∫
〈〈ρ|GRN G|ρ〉〉 dρ
R and G again commute since they are both Pauli chan-
nel. Hence we have:
F0 =
∫
〈〈ρ|RGN G|ρ〉〉 dρ
= F (G) ∀G ∈ G
Hence, when calculating the logical fidelity, conjugation
with logical Pauli operators also acts trivially and can
be removed from the twirling generating group. The re-
maining non-trivial twirling generators are:
W˜ = E˜
The way to construct a E˜ consists of only single-qubit X
and Z gates is outlined in Appendix A.
B. Twirling Set Reduction Using the Structure of
the Noise
Two super-operators A and B will commute if their
commutator η(A,B) = eiφ, i.e. their commutator is some
phase factor.
We will write our noise channel N in terms of its noise
elements N :
N =
∑
N
N .
Now if a twirling generator W satisfies η(W,N) =
eiφ ∀N , then
W N W = N ∀N
W N W = N
i.e. it act trivially on noise N and hence can be removed.
After such reduction, the twirling generating set now
becomes:
W˜ = {W ∈ E˜ | ∃N η(W,N) 6= eiφ, φ ∈ R}
C. Symmetry in Code and Noise
The twirling set W can be generated from W˜ following
Appendix B. Based on the symmetry existing in both the
code and the noise, we can prove the equivalence between
different elements in W.
Suppose we manage to find a Clifford operation U such
that the code state basis Π~0G and the physical noise
channel N are invariant under its transformation:[
U,Π~0G
]
= 0 ∀G ∈ G[
U,N
]
= 0
(3)
we can prove that (see Appendix D)
N (W ) = N (U†WU) (4)
i.e. the effective logical channel conjugated with W is
the same as that with U†WU . All of such U will form a
group U.
Hence, we can define an equivalence relation:
W ′ ∼W ⇐⇒ ∃U ∈ U W ′ = U†WU
In such a way, conjugacy with elements in U will split W
into several equivalence classes. The elements in the same
equivalence class will produce the same logical fidelity
when used to conjugate the noise.
The simplest type of Clifford transformation to con-
sider is qubit permutation, for which U consists of swap
gates. Permutation symmetry of quantum error correc-
tion codes has been studied in [10] and [14]. Note that
qubit permutation will preserve the weights of the opera-
tors, thus it is crucial to constructW to have the elements
with the lowest weight possible (see Appendix B), so that
more of them can be proven to be in the same equivalence
class.
If a code has one logical qubit and its logical Pauli gates
consist of applying physical Pauli gates to all the qubits,
then such transversal logical Pauli gates are invariant [24]
5under any qubit permutation U , i.e.
[
U,G
]
= 0 ∀G ∈
G. For such codes, we only need to further make sure
that the set of stabilisers are invariant under the given
qubit permutation U :
[U,Π0] = 0 (5)
to ensure the code symmetry requirement in (3) is sat-
isfied. Furthermore, if some of the stabilisers commute
with the noise, then these stabilisers will have trivial ef-
fect in the error correction process and thus can be safely
ignored. In such a case, we will only need to consider the
symmetry of the stabilisers that do not commute with
the noise. For example, for a pure Z noise, we can safely
ignore the Z stabilisers when we are considering code
symmetry.
IV. MITIGATING COHERENT Z NOISE USING
PAULI CONJUGATION
In this Section we will try to find the optimal Pauli
conjugation gate for different quantum error correction
codes under the global Z rotation noise:
N(θ) =
J∏
j=1
e−iθZj (6)
where J is the number of qubit. This noise is a coherent
superposition of all possible Z operators (tensor products
of I and Z). The weight-n Z operators in the superposi-
tion will have the amplitude (−i sin θ)n (cos θ)J−n.
Of course if we are allowed to flip all the qubits right
in the middle of the channel, we can flip the direction of
the rotation and cancel the coherent error, which is just
a simple example of dynamical decoupling. However, if
we look at for example high frequency global Z noise,
in which the direction of the global Z rotation may flip
after a very short time interval in a random walk fashion,
dynamical decoupling cannot be applied. In such a case,
we have discussed how Pauli conjugation can be used to
mitigate such noise in Appendix K. It builds from our
discussion in this section, in which we will be looking
at the coherent global Z rotation noise described in (6)
without allowing gates to be performed in the middle of
the channel.
Since the noise only consists of Z components, all pure
Z twirling generators will act trivially on the noise, thus
can be removed. This noise is symmetric under any
qubit permutation. Hence, any permutation symmetry
of the quantum error correction code will also exist for
the noise.
For all the codes that we will discuss in this section,
their logical Pauli gates consist of applying physical Pauli
gates to all the qubits. Thus the code symmetry condi-
tion in Section III C can be reduced into (5). Along with
the fact that we have pure Z noise, we only need to fo-
cus on the symmetry of the X stabilisers in this section
when we talk about the symmetry of a code, except for
the five-qubit code. Global logical Pauli gates also mean
that N(pi2 ) will be the Z logical operator. Thus the logi-
cal fidelity curve against different θ will have a rotational
symmetry about θ = pi4 (see Appendix E), which means
that we only need to look at 0 ≤ θ ≤ pi4 to see the effect
of the noise on logical fidelity.
A. Steane Code
1
: X & Z checks
2 35
7
64
FIG. 1. The Steane code.
In the Steane Code, we have
• Stabiliser generators S˜: X or Z checks on plaque-
ttes (1, 4, 6, 7), (2, 4, 5, 7) and (3, 5, 6, 7).
• Logical generators G˜: X or Z on all qubits.
Following Section III A, we can construct our twirling
generators to be
W˜ = E˜ = {X1, X2, X3, Z1, Z2, Z3}.
Since the noise only consists of Z components, all pure
Z twirling generators will act trivially on the noise, thus
can be removed, we then have:
W˜ = {X1, X2, X3}
which generates the twirling set:
W = {I,X1, X2, X3, X4, X5, X6, X7}.
Note that here we have transformed the error operators
to their lowest weight equivalence that produce the same
error syndromes.
The Steane code has the same symmetry as the Fano
plane [10], whose permutation symmetry group will be
denoted as U. Since our noise model is symmetric under
any qubit permutation, all U ∈ U satisfied (3).
Now for every pair of single-qubit X operators
Xi, Xj ∈W, we can find at least one U ∈ U such that
U†XiU = Xj .
6Hence, using (4) we know that all the remaining single-
qubit X twirling operators are equivalent.
There are two equivalence class of twirling gates here,
one is equivalent to I, while the other is equivalent to X1
(or any single-qubit X gate).
The effect of different strategies on the logical fi-
delity of Steane code is shown in Figure 2. We can see
that twirling is consistently better than doing nothing,
while X1 conjugation will yield even higher fidelity than
twirling.
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FIG. 2. Logical fidelity of the Steane code under different
noise strength and noise tailoring schemes.
B. Other Codes
In this section, we will explore the effect of Pauli con-
jugation using other codes under the same noise model.
The details of finding the equivalent class of conjugating
gates for different codes are outlined in Appendix F. Here
we will just look at the effect of using conjugating gates
in different equivalence classes and compare their effects
to doing nothing and twirling.
1. Five-qubit code
The structure of five-qubit code is shown in Figure 3.
There is just one non-trivial conjugating strategy in five-
qubit code, which is conjugation with any single-qubit X
gate, the same we found in the Steane code. However, in
our noise model, we found that this strategy makes no
difference to the logical fidelity compared to doing noth-
ing. Consequently, the twirled logical fidelity is also the
same. Hence, rather interestingly under our noise model,
none of the strategies works for the five-qubit code.
1 2
5
4
3
: XZZX check
FIG. 3. The five-qubit code.
2. Nine-qubit Shor code
The structure of the nine-qubit Shor code is shown
in Figure 4. There are three types of non-trivial Pauli
: Z checks : X checks
1 2 3
4 5 6
7 8 9
FIG. 4. The nine-qubit Shor code.
conjugations in the nine-qubit Shor code for our noise
model:
• Single qubit flip: X1
• Two-qubit flip (in different rows): X1X4
• Three-qubit flip (in different rows): X1X4X7
The effects of these strategies on the logical fidelity are
shown in Figure 5. We see that doing nothing will re-
sult in a dip at θ = pi6 , where our noise turns into a
logical operator. Twirling can definitely mitigate such
a problem, leading to a great jump in fidelity. Superior
improvements can be achieved by conjugating the noise
with X1X4X7.
The result for the other nine-qubit Shor code with the
X and Z checks exchanged is shown in Appendix H.
70 0.05 0.1 0.15 0.2 0.25 
Error Angle 
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
Av
er
ag
e 
Lo
gi
ca
l F
id
el
ity
Original
Twirled
X1
X1 X4
X1 X4 X7
FIG. 5. Logical fidelity of the nine-qubit shor code under
different noise strength and noise tailoring schemes.
3. Distance-3 surface code
The structure of the distance-3 surface code is shown
in Figure 6. The non-trivial conjugating strategies and
1 2 3
4 5 6
7 8 9
: Z checks : X checks
FIG. 6. The surface code of distance 3.
their effects on the logical fidelity are shown in Figure 7.
Again we see improvement of the twirled fidelity over
doing nothing, and a marked improvement of conjugating
the noise with X1X8 over twirling.
C. Gate Error
In reality, applying extra Pauli gates does not come free
due to the errors associated with the gates. We should
expect the effect of such errors due to Pauli conjugation
to be small since the quantum error correction circuits
involve far more gates than Pauli conjugation and also
contain two-qubit gates which usually have much lower
fidelity than single-qubit Pauli gates. Here we have simu-
lated the performance of different schemes using different
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FIG. 7. Logical fidelity of the distance-3 surface code under
different noise strength and noise tailoring schemes.
codes with depolarising gate error rates of 0.5% and 1%
for the encoding circuit, the quantum error correction
circuit and the Pauli conjugation gates (with the details
of the circuits shown in Appendix I). From the result in
Figure 8 we can see that as we increase the gate error
rate, the fidelity curves shift downward without much
change to their shapes. Hence, the optimal Pauli con-
jugation schemes maintain their advantages over doing
nothing when we take into account gate errors. The fi-
delity curves using twirling are not shown. However in
our examples, we should expect the advantage of Pauli
conjugation over twirling increases with increasing gate
error rates since the average weights of the twirling gates
are higher than that of the conjugation gates.
When trying to implement Pauli conjugation in prac-
tice, such gate errors can be mitigated by absorbing the
conjugation gates into the existing gates in the circuit.
Such a strategy has been proven to be effective in the
case of twirling [25].
D. Concatenated Threshold
As discussed by Rahn et al. [26], after finding the
map between the physical noise channel and the logical
noise channel with one level of encoding, composing this
map will give us the physical-logical noise map for the
concatenated code. Here we have assumed that we are
using a hard decoder which only takes into account of
syndrome information of the current concatenation level.
Finding such maps will allow us to compute the perfor-
mance of a code with different levels of concatenation
and hence find its concatenated threshold. Such analysis
was carried out in [10] for a variety of codes. Here we
will use the local Z noise map obtained in [10] to calcu-
late the concatenated threshold for different codes when
we apply different kinds of noise tailoring schemes at the
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FIG. 8. Logical fidelity with global Z rotation environmental
noise of magnitude θ and depolarising gate noise of probability
0%, 0.5% and 1% with or without Pauli conjugation for (a)
Steane code, (b) 9-qubit Shor code and (c) distance-3 surface
code. The Pauli conjugations we used here are the optimal
schemes that we found with zero gate error.
physical level (not at any subsequent levels of concatena-
tion). From the results in Figure 9, we can see the logical
fidelity of the threshold crossing points of different noise
tailoring schemes are essentially the same. Hence when
we try to achieve the threshold logical fidelity with one
level of encoding, if one scheme has a higher tolerance
of the physical error than another scheme, we should ex-
pect a similar improvement in the concatenated thresh-
old. The improvement of the conjugated threshold over
the original threshold is 40%, 160% and 110% for the
Steane code, 9-qubit Shor code and distance-3 surface
code respectively. All of them also show improvements
of the conjugated thresholds over the twirled thresholds.
V. COMPOSING THE ERROR CHANNELS
A. Multiple Rounds of Quantum Error Correction
As mentioned in the introduction, coherent errors can
be more damaging than incoherent errors because they
can accumulate at a faster rate [4, 8]. Hence, we use
Pauli twirling to remove the coherent nature of the er-
ror channel for each round of error correction so that
errors in multiple rounds of error correction will accu-
mulate at a more favourable scaling. As demonstrated
in the previous sections, Pauli conjugation can improve
the logical fidelity for coherent errors in one round of er-
ror correction. However, the error remains coherent after
conjugation, which means that the advantages of conju-
gation can be lost when we go to multiple rounds of error
correction.
Fortunately this can be overcome by injecting ‘just
enough’ randomness – the solution might be called ‘log-
ical twirling’ of the error channel (instead of twirling
at the physical level). Logical twirling simply means
twirling over the logical Pauli operators and decohere
the Pauli components that corresponding to different log-
ical operators. The resultant effective channel will be
logically incoherent and thus the errors will accumulate
at a more favourable rate in terms of logical fidelity.
For one round of quantum error correction, applying
logical twirling will not change the logical fidelity just
like twirling a noise channel will not change its fidelity.
Hence, applying logical fidelity on top of conjugation can
maintain the fidelity improvement brought by conjuga-
tion in each round of error correction while preventing
the logical errors from rapid accumulation as we go to
multiple rounds.
The Pauli components of a given noise channel can be
partitioned into sets that correspond to different logical
operators with different measured syndromes after quan-
tum error correction. As discussed in Section II D, the
coherence between the components that correspond to
the same logical operator and the same syndrome can be
used by conjugation to improve the logical fidelity of the
channel in one round of quantum error correction (via
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FIG. 9. The concatenated threshold plot under global Z ro-
tation noise for (a) Steane code, (b) 9-qubit Shor code and (c)
distance-3 surface code. Different colours shows different lev-
els of concatenation while different line styles shows applying
different strategies like twirling or Pauli conjugation to the
noise. The Pauli conjugations we used here are the optimal
schemes that we found with zero gate error.
destructive interference between the logical error compo-
nents), while in this section we see that the coherence
between different logical operators can be removed by
logical twirling to fight the accumulation of logical errors
in multiple rounds of quantum error correction.
In Appendix J, using global Z rotation as an exam-
ple, we have demonstrated that using conjugation alone,
the advantages of conjugation over physical twirling will
diminish as we go to more rounds of quantum error cor-
rection and we have also shown how this is overcome by
using logical twirling.
B. Multiple Rounds of Noise Tailoring
Instead of applying both noise tailoring and error cor-
rection at each time step, we can apply just noise tai-
loring in each time step and only do one round of error
correction at the very end.
The matrix elements for the effective noise channel
with K rounds of twirling are:
(N TK)G,G′
=
1
| ~W|
∑
~W∈~W
〈〈Π~0G|R
(
K∏
k=1
W k
)(
1∏
k=K
NW k
)
|Π~0G
′〉〉
(7)
Here we divide the noise process into K steps and ap-
ply a random Pauli gate Wk at the beginning of each
step. At the end, we undo all these random Pauli gate
by applying the their inverse
∏K
k=1Wk and then perform
quantum error correction. We denote the set of K Pauli
gate chosen using a vector ~W . Similar to our arguments
in Section II C, multiple rounds of twirling correspond
to the average of all the Pauli conjugation schemes, thus
one of the Pauli conjugations will be optimal and outper-
forms twirling.
As detailed in Appendix L, if we want to find the equiv-
alent conjugations to reduce the search space for multi-
round conjugation, we can use similar arguments about
the structure of the noise (Section III B) and the symme-
tries in both the noise and the code (Section III C), while
the arguments about interaction with the code space to
remove stabilisers and logical operators (Section III A)
can only be applied to the outer-most round of conjuga-
tion.
The search space of possible conjugations grows expo-
nentially with the number of rounds while the number
of symmetries that we can utilise is less than the one-
round case (since we cannot remove all the stabilisers
and logical operators from the twirling generating set).
Hence, iterating over the whole search space might not
be practical for a large number of rounds. However, we
can still sample different conjugation schemes in our re-
duced search space to find a better scheme than doing
nothing or even twirling, though such a scheme might
not be optimal.
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VI. CONCLUSION
In this Article, we have shown that when doing one
round of quantum error correction on a coherent noise
channel, part of its coherence can actually be used to im-
prove its logical fidelity using Pauli conjugation, which
outperforms twirling. To search for the optimal Pauli
conjugation under a given noise model using a given
quantum error correction code, we use the properties and
the symmetries of the noise and the code to identify the
equivalent conjugations to reduce our search space. We
applied our techniques to the Steane code, the Shor code
and the surface code under a global Z rotation noise, re-
ducing the 4n possibilities of Pauli conjugation to 2, 4 and
6 equivalent classes respectively for those three codes.
Iterated over these different classes of conjugations, we
managed to find the optimal conjugations for each code,
which resulted in higher logical fidelities than the twirled
and original noise channel. We have shown via simula-
tion that the advantages of the optimal Pauli conjuga-
tion schemes remain with gate errors present. Conjuga-
tion can also lead to higher concatenated thresholds than
the twirled threshold. The conjugated threshold showed
improvements over the original thresholds by 40%, 160%
and 110% for the three codes we considered under the co-
herent Z noise. We showed that by using logical twirling
to remove the ‘harmful’ coherence within the error chan-
nel, we can extend the advantages of Pauli conjugation to
multiple rounds of error correction. We also briefly dis-
cussed how to extend our arguments into multiple rounds
of Pauli conjugation.
Compared to twirling, Pauli conjugations does not re-
quire the implementation of a random circuit, and the
weights of the gates that we need to implement can be
on average much smaller than twirling as shown by our
examples. Being a deterministic scheme, it can be im-
plemented in hardware systems in which modifying the
circuit at each run is hard. It can also be used in quantum
communication to combat coherent noise in the commu-
nication channel without needing to transmit the extra
random bit needed by twirling. Single-qubit Pauli gates
are usually the gates with the highest fidelity, combining
with the fact that the Pauli conjugation gates we need
to implement can be low-weight, it should be resilient to
gate errors, as shown by our simulation. Hence, Pauli
conjugation can be a practical way forward to mitigate
errors in real experiments.
The way we reduce the Pauli conjugation search space
is highly dependent on the code we use and the noise
model we have. Though our techniques work for the sim-
ple examples that we have considered, searching over all
possible Pauli conjugations may not be feasible when the
size of our system increase, when there are very few sym-
metries in the noise or when we are considering multiple
rounds of Pauli conjugation. Hence, we might want to
find a way to construct the optimal conjugation based on
the mechanism of conjugation in Section II D, or at least
find a better searching strategy than random sampling.
Furthermore, we may not know the full noise model in
practice. As discussed in Section II D, conjugation will
only act on the coherent components in the channel, thus
to find the optimal (or close-to optimal) conjugation gate
we only need the information about the dominant coher-
ent component in the channel without needing any in-
formation about the incoherent parts or the other small
coherent components. In the worst case scenario, we can
still sample over the different Pauli conjugations based on
any limited information we have to find a scheme with
better performance than the original noise channel in-
stead of finding the optimal one.
The above ideas can be tested by applying Pauli conju-
gation to more general error channels beyond the global
Z rotation. An example will be the general local Z noise
channel considered in [10] or some non-biased noise mod-
els like those considered in [27]. To see if the conjuga-
tion technique is valuable in fault-tolerant computation,
it will also be interesting to see how Pauli conjugation will
perform against gate-level coherent noise and whether it
can improve the surface code threshold (instead of the
concatenated threshold) given a realistic noise model.
There are several degrees of freedom we can add to
further optimise our noise tailoring schemes. Firstly,
throughout this Article we have been focusing on conju-
gation using Pauli gates, it will be interesting to extend
our technique to Clifford gates or even general unitaries.
We can also look into the case where we allow Clifford
correction [14]. We definitely did not exhaust all the
ways to reduce the Pauli conjugation search space. For
example, we have only been focusing on the permuta-
tion symmetry of code and noise, which at best can only
prove the operators with the same weight are equivalent.
A next step could be including other Clifford symmetries
like CZ gates, etc.
Our conjugation scheme, especially the multi-round
variant, in a way can be viewed as bang-bang dynamical
decoupling tailored to a given quantum error correction
code. Attempts has been made before to study the effect
of dynamical decoupling within the context of quantum
error correction [28], though without explicitly consider-
ing the code structure like we did in this Article. It will be
a fruitful area to adapt more schemes in the established
literature of dynamical decoupling [12] into the context
of quantum error correction taking into account the code
structure. We may get a fuller understanding about how
to search for better multi-round conjugation scheme from
the way we optimise dynamical decoupling using average
Hamiltonian arguments [29] and group theoretic argu-
ments [30]. Ideas like non-equidistant pulses [31], robust
decoupling sequences and higher-order decoupling [12]
can also be extended into multi-round conjugation.
Besides applications in quantum error correction for
memory, the conjugation technique can also be extended
into other fields like quantum metrology and quantum
simulation. For quantum metrology with error correc-
tion [32–34], we hope to find conjugation schemes that
can tailor the noise into a form that is less damaging to
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the code and/or tailor the signal into a form that the
code is more sensitive towards. When applied to symme-
try verification in quantum simulation [35–37], conjuga-
tion may enable more noise to be detected via transfor-
mation of the previously undetected noise components.
In the above applications, it is likely that we need to
develop more complex conjugation schemes beyond one-
round Pauli conjugation.
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Appendix A: Construction of E˜
Recall that the error generators E˜ are just all the re-
maining generators needed to complement the stabiliser
generators and the logical generators for generating the
full Pauli gate set. The requirements of E˜ are
1. All of its elements are independent.
2. The size of E˜ is |E˜| = |S˜|.
3. The full set of elements that can be generated by
E˜ does not contain any elements in S or G, other-
wise we can replace the generators in E˜ with the
elements in S or G.
The full Pauli set G can be generated using all the single
physical qubit X and Z gate, after removing the elements
that are dependent on each other through composition
with stabiliser generators and/or logical generators, we
will be left with the generating set E˜. Hence, we can
always find a E˜ that consist of only single qubit X or Z
operators. Here we will show how do we construct it.
Any practical stabiliser error correction code will be
able to detect and correct all single qubit X and Z errors,
hence all of these single-qubit errors will violate different
subsets of stabiliser checks. The way we construct E˜ is:
1. Find all single-qubit X and Z errors that violate
only one stabiliser check and add them to E˜. We
will denote the set of stabiliser checks that they
violate as SE .
2. Starting with n = 2, search in the checked physi-
cal qubits of the stabiliser checks in SE , there will
be X or Z errors on these qubits that fail n sta-
biliser checks, with one and only one of the failed
stabiliser checks not in SE . For each of such error
we found, we will add it into E˜ and add the one
additional violated stabiliser check into SE . Note
that for each new element added into SE , we will
have more physical qubits to check.
3. Repeat step 2 with n increasing by 1 in each iter-
ation until SE = S˜, i.e. until SE contains all the
stabiliser checks (or equivalently until |E˜| = |S˜|).
In the case of topological code with boundaries, the above
scheme is just starting by adding the stabiliser checks at
the boundary into SE and slowly progressing inwards,
adding the inner stabiliser checks into SE until all sta-
biliser checks are within SE .
In this way of construction, there is no way to find
any composition of elements in E˜ such that there are no
stabiliser checks fail, hence there is no way to compose
stabilisers or logical operators out of these elements.
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Appendix B: Construction of W
With the twirling generators W˜ obtained in Sec-
tion III B, we can now generate the full set of twirling
gate W. The elements in the twirling set W will corre-
spond to the error operators that are detectable by our
quantum error correction code and will all have different
syndromes. For the purpose of twirling, we would want
to replace these operators with the lowest weight error
operators that produce the same syndrome (i.e. equiv-
alent up to composition with stabilisers and logical op-
erators), since operators with lower weight will be easier
to implement with fewer errors induced. These are usu-
ally just the recovery operators of the given syndromes,
in such case we can just get them from the decoder. For
a distance-d code, by definition all errors with weight
d − 1 or lower produce non-trivial error syndromes, and
all errors with weight bd−12 c or below will have different
syndromes (thus correctable). Hence, for all W ∈W with
weight bd−12 c or below, they are already the lowest weight
operators that can produce the given syndrome, while
for the others in W it may be possible to find a lower
weight equivalence (not guaranteed to find since some
correctable errors can be of higher weight than bd−12 c,
e.g. a surface code with very long Z boundaries and very
short X boundaries).
Appendix C: Twirling Generators Reduction
Using to denote ‘super-super-operators’:
A(C) = AC A†
we can rewrite that twirling process as:
T (N ) = 1|W|
∑
W∈W
W (N )
=
∏
W∈W˜
I +W
2
N
N T = RT (N )
= R
∏
W∈W˜
I +W
2
N (C1)
Here we have implicitly assumed that W only acts on N :
W N = W (N ).
Hence, the matrix elements for the twirled logical chan-
nel are
N T,GG′ = 1
2|G˜|
〈〈GΠ0|R
∏
W∈G˜
(
I +W
)
N|G′Π0〉〉
All Pauli super-operators commute, thus all Pauli super-
super-operators also commute. Hence, we can arrange
the order of the twirling generators in
∏
W∈G˜
(
I +W
)
in any way we want. We will arrange it in the following
way
1
2|G˜|
∏
W∈G˜
(
I +W
)
=
1
2|G˜|
∏
S∈S˜
(
I + S
) ∏
G∈G˜
(
I +G
)
×
∏
En∈E˜n
(
I + En
) ∏
Ec∈E˜c
(
I + Ec
)
where E˜c is a subset of E˜ that acts trivially on noise N
when used for twirling as discussed in Section III B.
Thus 1
2|E˜c|
∏
Ec∈E˜c
(
I + Ec
)
will act trivially on N and
can be absorbed by N when we put them closest to N .
On the other hand, the twirling of S˜ and G˜ will act triv-
ially on the error correction code and the logical states
(see Section III A), hence we can put them nearest to the
logical states to remove them.
In Section III C, the equivalence of the twirling gates is
obtained via interaction with both the noise elements and
the logical states. To allow a generator to interact with
both the noise elements and the logical states, we need
to permute the symmetry operator of the noise elements
or the logical states through the other generators, which
will modify them. Hence instead of proving equivalence
of generators, we expand out the product of generators
to obtain a linear combination of the elements in the
twirling set, and prove their equivalence instead.
Appendix D: Derivation of Eqn (4)
If all the code state basis Π~0G and the physical noise
channel N are invariant under the Clifford transforma-
tion U : [
U,Π~0G
]
= 0 ∀G ∈ G[
U,N
]
= 0
then the recovery channel R will also be invariant under
the same transformation since it is completely based on
the code and the error channel:
[
U,R
]
= 0.
Hence, we have:[
U,Π~0G
]
= 0 ∀G ∈ G[
U,N
]
= 0,
[
U,R
]
= 0⇒
[
U,RN
]
= 0
Thus
UΠ~0GU
† = Π~0G ⇒ U |Π~0G〉〉 = |Π~0G〉〉 ∀G ∈ G
U RN U† = RN
Since W and R are both Pauli channel, they commutes,
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hence
N (W )G,G′ = 〈〈Π~0G|RW N W |Π~0G
′〉〉
= 〈〈Π~0G|W RN W |Π~0G
′〉〉
= 〈〈Π~0G|U†W U RN U†W U |Π~0G
′〉〉
Since U is Clifford, U†WU is Pauli, hence U†WU com-
mute with R:
N (W )G,G′ = 〈〈Π~0G|RU†WU N U†WU |Π~0G
′〉〉
= N (U†WU)G,G′
Appendix E: Shape of Fidelity Curve for Global Z
Rotation
1. Rotational symmetry of the fidelity curve
For the noise model in (6) and for all the codes we
considered which have global logical Z gates, we have:
N(
pi
2
) =
J∏
j=1
(−iZj) ≡ Z
For the worst case fidelity Q for such pure Z noise, we
will start and measured in the logical |+L〉 eigenstate:
Q(θ) = |〈+L|N(θ) |+L〉|2
=
∣∣(〈+L|N(θ) |+L〉)∗∣∣2
= |〈+L|N(−θ) |+L〉|2
Q(
pi
2
− θ) =
∣∣∣〈+L|N(pi
2
− θ) |+L〉
∣∣∣2
=
∣∣∣〈+L|N(pi
2
)N(−θ) |+L〉
∣∣∣2
= |〈−L|N(−θ) |+L〉|2
= 1− |〈+L|N(−θ) |+L〉|2
= 1−Q(θ)
For fidelity of one qubit, we have:
F (θ) =
2
3
Q(θ) +
1
3
Hence, we have:
F (
pi
2
− θ) = 2
3
(1−Q(θ)) + 1
3
=
4
3
− 2
3
Q(θ)− 1
3
=
4
3
− F (θ)
Hence, the logical fidelity curve F (θ) is rotationally sym-
metry about a point at θ = pi4
2. Fidelity at θ = pi
4
For the noise model in (6), at θ = pi4 we have:
N(
pi
4
) =
1√
2J
J∏
j=1
(I − iZj) (E1)
For an operator U consist of tensor product of single-
qubit Z, we will write the set of qubit index that we
apply Z gate on as ~U :
U =
∏
i∈~U
Zi
Hence, the terms in the expansion of (E1) will be
(−i)|~U|∏i∈~U Zi = (−i)|~U|U . In the case of measuring
the zero syndrome, N(pi4 ) will collapse into a superpo-
sition of stabilisers and Z logical operators. For each
stabiliser term (−i)|~S|S in the expansion, there will be
a corresponding logical Z operator term differed by ap-
ply Z to all qubits: (−i)J−|~S|S
(∏
j Zj
)
= (−i)J−|~S|SZ,
hence the terms in the expansion correspond to zero syn-
drome is:
∑
S
(−i)|~S|S + Z
(∑
S
(−i)J−|~S|S
)
=
∑
S
(−i)|~S|S
[
I + (−i)J−2|~S|Z
]
≡
∑
S
[
I + (−i)J−2|~S|Z
]
If all stabilisers have even weights, i.e. |~S| = 2n, then
2|~S| = 4n, hence (−i)J−2|~S| = (−i)J(−i)−2|~S| = (−i)J .
Thus if all the stabilisers have even weights, and the
logical Z operator consist of applying Z to all the qubits,
then the terms in the expansion of (E1) is:
|S| [I + (−i)JZ]
and similarly for other syndromes. Note that terms of
other syndromes will also result in the same amplitude
|S|. Hence, we have the same probability of collapse into
any syndrome. For odd number of qubits J , we then
have a logical Z rotation of the angle pi2 (or −pi2 ), which
means a worst case fidelity of 12 and an average fidelity
of 23 ∗ 12 + 13 = 23 .
Appendix F: Equivalent Conjugation Classes for
Codes in Global Z Rotation
Recalled the arguments in Section IV. We can make
the following simplification based on the codes and the
noise model we consider.
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• Our noise model is global, thus have all possible
qubit permutation symmetry. Along with the fact
that our codes have one logical qubit and global
Pauli gates mean that we only need to consider the
permutation symmetry of the stabilisers when we
try to reduce the twirling set.
• The noise model is pure Z noise, thus all Z twirling
generators can be removed. All Z stabiliser checks
will also have trivial effects (besides the five-qubit
code which does not have pure Z checks), thus we
only need to consider the permutation symmetry of
the X stabilisers.
1. Five-qubit code
In five-qubit code, the generators are
• Stabiliser generators S˜: XZZXI and three of its
cyclic permutations IXZZX, XIXZZ, ZXIXZ
• Logical generators G˜: X or Z on all qubits.
Following Section III A, we can construct the twirling
generators:
W˜ = E˜ = {X1, X2, Z3, Z5}
As mentioned above, the Z twirling generators can be
safely removed since we have pure Z noise:
W˜ = {X1, X2}
which generates the twirling set:
W = {I,X1, X2, Z4}
Here we have transform the error operators X1X2 to its
lowest weight equivalence with the same error syndromes
Z4. Conjugating the noise with Z4 has trivial effect since
we have pure Z noise.
The five-qubit code has cyclic permutation symmetry
(there are also additional symmetries that we do not need
to use here [10]). As discussed in Section III B, using
these symmetry transformation, we can easily prove that
conjugating the noise with X1 is equivalent to X2 since
X2 = U
†X1U where U is one of the qubit cyclic permu-
tation operator.
Hence, there are two equivalent class of twirling gate,
one is equivalent to I, while the other is equivalent to X1
(or any single-qubit X gate by cyclic permutation).
2. Nine-qubit Shor code
a. With Local Z checks
As shown in Figure 4, in nine-qubit Shor Code, the
generators are
• Stabiliser generators S˜: {ZiZi+1 | i ∈
{1, 2, 4, 5, 7, 8}} and {∏5j=0Xi+j | i ∈ {1, 4}}
• Logical generators G˜: X or Z on all qubits.
Following Section III A, we can construct our twirling
generators:
W˜ = E˜ = {X1, X3, X4, X6, X7, X9, Z1, Z7}
As mentioned above, the Z twirling generators can be
safely removed since we have pure Z noise:
W˜ = {X1, X3, X4, X6, X7, X9}
When looking at the Z stabiliser checks, which will pro-
duce the syndromes for these X error operators, we re-
alise they are divided into 3 non-overlapping set (no
shared checked qubits), which are individual rows in Fig-
ure 4. All the error syndromes within each row can be
produced by single-qubit X errors within that row. The
Z-check syndrome of different rows are independent of
each other since they do not share any qubits. Hence,
to produce all possible syndromes using error operators
with the lowest weight, we will have zero or one single-
qubit X errors in each row. This set of error operators
will be the full twirling set W that is generated.
Permutation symmetries that exist in the 9-qubit Shor
code will be any permutation of the elements within each
row and any permutation between the rows shown in Fig-
ure 4. In such a case, all the operators with the same
weight in our twirling set can be shown to be equivalent,
leaving us with the following four equivalent classes of
twirling operators.
• Identity: I
• Single qubit flip: X1
• Two-qubit flip (in different row): X1X4
• Three-qubit flip (in different row): X1X4X7
b. With Local X checks
It is still a nine-qubit Shor code, with a swap between
the X and Z stabilisers.
Following Section III A, we can construct our twirling
generators:
W˜ = E˜ = {Z1, Z3, Z4, Z6, Z7, Z9, X1, X7}
As mentioned above, the Z twirling generators can be
safely removed since we have pure Z noise:
W˜ = {X1, X7}
which generates the twirling set:
W = {I,X1, X4, X7}
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Here we have transform the error operators X1X7 to its
lowest weight equivalence with the same error syndromes
X4.
We have the same code symmetry as the other Shor
code, which allows us to prove the equivalence of conju-
gation with X1, X4 and X7.
Hence, there are two equivalent class of twirling gate,
one is equivalent to I, while the other is equivalent to X1
(or any single-qubit X gate).
3. Distance-3 surface code
The stabiliser generators of the distance-3 surface code
is shown in Figure 6.
Following Section III A, we can construct our twirling
generators:
W˜ = E˜ = {X1, X3, X7, X9, Z1, Z3, Z7, Z9}
As mentioned above, the Z twirling generators can be
safely removed since we have pure Z noise:
W˜ = {X1, X3, X7, X9}
which generates the twirling set:
• Weight-1: X1, X2, X3, X5, X7, X8, X9
• Weight-2: X2X7, X1X7, X1X8, X1X9, X2X9,
X3X9, X3X8, X2X8
The logical Pauli gates of the code are just applying
the corresponding Pauli gates to all the physical qubits
(because it is an odd distance surface code), hence we
only need to look at the symmetry of its stabilisers
as discussed in Section III C. We can group the opera-
tors that are equivalent due to the rotational symme-
try of the code: (X1, X9), (X2, X8), (X3, X7), (X5),
(X2X7, X3X8), (X1X7, X3X9), (X1X8, X2X9), (X1X9),
(X2X8).
Since we have only pure Z noise, we only need to look
at the symmetry exists in the X stabilisers, leading to ad-
ditional symmetry in the exchange between qubits (1, 2)
and between qubits (8, 9). Applying on top of the rota-
tional symmetry, we have the following classes of equiv-
alent conjugations:
• I
• X1, X2, X8, X9
• X3, X7
• X5
• X1X7, X3X9, X2X7, X3X8
• X1X9, X2X8, X1X8, X2X9
Appendix G: Effective Z Logical Channel
Conditioned on Syndrome
When we expand the physical noise e−iθ
∑
j Zj into the
sum of tensor products of Z, all the odd-weight term will
form the imaginary part, while all even-weight terms will
form the real part. Hence, when we flip the sign of θ,
which is equivalent to taking the complex conjugate of
our noise channel, all the odd-weight terms (the imagi-
nary part) will flip their signs while all the even-weight
terms (the real part) will remain the same.
By saying the operator is real (imaginary) here, we
mean that the operator has real (imaginary) amplitude.
Since we are only considering Z noise, composing two Z
operators together will not lead to any extra phase factor
i. Thus when we compose an imaginary Z operator with
a real Z operator, we will get an imaginary Z operator,
while composing two imaginary or two real operators will
give a real Z operator.
For all the codes we consider here, they have stabiliser
generators that are all even-weight, which means that
they are all real in the noise expansion. For our codes,
we can find one of the logical operators Z is odd-weight,
which corresponds to imaginary amplitude in the expan-
sion, thus all Z are imaginary since they can be obtained
by composing the imaginary Z with the real stabilisers.
Hence, when we measured the 0 syndrome, the noise is
collapsed into a coherent superposition of I with real am-
plitude and Z with imaginary amplitude. When we flip
the sign of the physical error angle θ, it is the same as
taking the complex conjugate, which will flip the sign of
Z since its amplitude is pure imaginary. For other syn-
dromes with error E, we still have one of EZ and EI
being one real and the other being imaginary and hence
similar argument follows.
For codes with odd-weight stabiliser generators, we will
have a complex amplitude (mix of real and imaginary) for
I. On the other hand, for codes with even-weight logical
operators (even distance code), it will give real Z for real
I and imaginary Z for imaginary I. In both case, since
the phase of I and Z are no longer guaranteed to be dif-
fered by i, the logical channel for a given syndrome can
no longer be written as a logical Z rotation, but instead
a combination of logical Z rotation and logical dephas-
ing channel. This was observed by Huang et. al. [10]
for even-distance repetition code and distance-4 surface
code.
Appendix H: Pauli Conjugation for the Other
9-qubit Shor Code
In the main text, we have only shown results for the
9-qubit Shor code local Z checks. For the 9-qubit Shor
code with local X check, its average fidelity of different
conjugation schemes and its concatenated threshold plots
are shown in Figure 10 and 11.
For the Z noise we considered, the 9-qubit Shor code
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that has local X checks will actually have better perfor-
mance since it has more X checks which are sensitive to
Z noise. This is shown by the large gap between the
two original fidelity curve in Figure 12. However, after
using conjugation to tailor the noise to fit the code, the
Shor code with local Z checks receives a huge boost in
fidelity such that it even exceeds the fidelity of the other
Shor code with conjugation. This further exemplifies the
power of Pauli conjugation when there is a misfit between
the code and the noise.
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FIG. 10. Logical fidelity of the nine-qubit shor code with local
X checks under difference noise strength and noise tailoring
schemes.
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FIG. 11. The concatenated threshold plot under global Z ro-
tation noise for the 9-qubit Shor code with local X checks.
Different colours show different levels of concatenation while
different line styles show applying different strategies like
twirling or Pauli conjugation to the noise. The Pauli conju-
gations we used here are the optimal schemes that we found
with zero gate error.
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FIG. 12. Comparison between Shor code with local X checks
and local Z checks with Pauli conjugation and without. The
Pauli conjugations we used here are the optimal schemes that
we found with zero gate error.
Appendix I: Detailed Circuit for the Codes
Here in Figure 13, 14 and 15, we outline the encod-
ing circuits and the parity check circuits we used for our
codes.
• • •
|0〉 •
|0〉 •
|0〉 • •
|0〉 H • • • • •
|0〉 H • • • • •
|0〉 H • • • • • •
|0〉 Z |0〉 Z |0〉 Z
X
X
X
X
X
X
X
... ...
encoding parity checks decoding
|ψ〉
FIG. 13. The encoding and the parity check circuit for the
Steane code.
|ψ〉 H • • H • • •
|0〉 • •
|0〉 •
|0〉 Z |0〉 Z
|0〉 H • • •
|0〉 • •
|0〉 •
|0〉 Z |0〉 Z
|0〉 H • • •
|0〉 • •
|0〉 •
|0〉 Z |0〉 Z |+〉 • • • • • • X |+〉 • • • • • • X
encoding parity checks
z checks x checks
FIG. 14. The encoding and the parity check circuit for the
Shor code.
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|+>1
|0>2 |0>3
|0>7 |0>8
|+>9
|+>4 |+>6
|ψ>5
FIG. 15. The encoding circuit for the Surface code. The
parities are checked using similar circuits as our Steane code
circuit and Shor code circuit, with one ancilla per parity check
and using CNOT for the interaction between data and ancilla.
Appendix J: Multiple Rounds of Error Correction
under Global Z Rotation
1. Without logical twirling
All the codes that we have considered in this section
have one logical qubit and transversal Z gates. When
they undergo coherent Z noise, the effective logical error
for a given measured syndrome ~m after correction will
be a logical Z rotation of angle θ~m. Hence, the effec-
tive logical error channel averaged over all the syndrome
measurements is:
N 0 =
∑
~m
p~m Z(θ~m) (J1)
The Pauli transfer matrix of Z(θ) is1 0 0 00 cos(θ) − sin(θ) 00 sin(θ) cos(θ) 0
0 0 0 1

with the eigenvalues 1, 1, e−iθ, eiθ, and the same
eigenvectors independent of θ. Hence, N 0 will
have the same eigenvectors with the eigenvalues
1, 1,
∑
~m p~me
−iθ~m ,
∑
~m p~me
iθ~m .
Hence, after k round of error correction, the logical
fidelity is:
F (N k0) =
1
2 Tr
{
N k0
}
+ 1
3
=
Re
{(∑
~m p~me
−iθ~m)k}+ 2
3
(J2)
If we twirl the Z noise channel, then we will have a
logical dephasing channel instead. Thus N T is a diagonal
matrix with eigenvalues: 1, 1− 2pd, 1− 2pd, 1 where pd is
the dephasing probability.
Hence, for k round of error correction (each round un-
dergo the same noise as before), the logical fidelity is:
F (N kT ) =
1
2 Tr
{
N kT
}
+ 1
3
=
(1− 2pd)k + 2
3
(J3)
Using these formulae, in Figure 16 we have plotted the
logical fidelity of different schemes for different codes af-
ter 100 cycles; in each cycle, error correction follows a pe-
riod of exposure to the environment which induces global
Z rotation with angle θ. In all codes, we can see the
improvements of the Pauli conjugation schemes and the
twirling scheme over doing nothing in small θ. In Shor
code and surface code, we can see the advantage of our
optimal conjugation scheme over twirling still remains for
small error angle θ in each round even after 100 rounds.
Nevertheless, we can see that in many cases twirling be-
comes superior to even our best Pauli conjugation after
sufficient cycles have occurred; fortunately this can be en-
tirely remedied by an adaption we term ‘logical twirling’.
2. With logical twirling
The logically twirled version of the noise channel N 0
described in (J1) is a logical dephasing channel of the
form
N 0,LT =
∑
~m
p~m
(
cos2
(
φ~m
2
)
I + sin2
(
φ~m
2
)
Z
)
(J4)
The corresponding conjugated noise channel N c will be
in a form similar to (J1) with different φ~m. Applying
logical twirling on top of conjugation will lead to the
channel N c,LT . Recall that the corresponding physically
twirled noise channel is denoted as N T .
Our previous simulations for one round of error correc-
tion show that:
F (N c) ≥ F (N T ) ≥ F (N 0).
Since logical twirling will not change the logical fidelity
(since the eigenvalues of the Pauli transfer matrices are
not affected), we have:
F (N c,LT ) ≥ F (N T ) ≥ F (N 0,LT ). (J5)
in which N c,LT , N T and N 0,LT are all logical dephasing
channel with different dephasing probability pd.
For a single-qubit dephasing channel N d with dephas-
ing probability pd, the eigenvalues of its Pauli transfer
matrix will be {λi} = {1, 1− 2pd, 1− 2pd, 1}. Hence, the
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FIG. 16. Logical fidelity after 100 cycles of noise with quan-
tum error correction using different strategies for (a) Steane
code, (b)nine-qubit Shor code and (c) distance-3 surface code.
Within each round the noise is the same coherent rotation of
the strength θ. These figure illustrate the issue that is tackled
through ‘logical twirling’ as we explain Section V.
logical fidelity of k rounds of N d is [38, 39]:
F (N kd) =
Tr
{
N kd
}
+ 2
6
=
∑
i λ
k
i + 2
6
=
(1− 2pd)k + 2
3
Thus we have:
F (N d) ≥ F (N ′d)⇒ F (N
k
d) ≥ F (N
′k
d ) ∀k ∈ Z+
Combining with (J5), we then have:
F (N kc,LT ) ≥ F (N
k
T ) ≥ F (N
k
0,LT ).
for any positive integer k. Hence, with the help of logical
twirling, the improvement of logical fidelity using Pauli
conjugation over twirling (or doing nothing) with single-
round of error correction in global Z rotation will indeed
persist when we go to multiple rounds of error correc-
tions.
3. Random walk noise model
Up to now, we have only considered the case in which
the global Z rotations in each round of error correction
are rotations of the same angle in the same direction. In
practice, for such a noise model, all we need to do is flip
all the qubits right in the middle of the whole process
which flips the direction of the rotation and cancels the
coherent error. This is just a simple case of dynamical
decoupling.
It may be interesting to look at the other extreme in
which the error channel is a random walk. Within each
round of error correction, there is a equal probability
of positive or negative rotation of angle θ: N(±θ) =
e±iθ
∑
j Zj .
A a global Z rotation e−iθ
∑
j Zj will lead to an effective
logical error channel as described in (J1):
N 0 =
∑
~m
p~m Z(φ~m)
When the sign of rotation of the physical error θ is
flipped, the sign of the logical rotation φ~m will also be
flipped for all the codes that we are considering (see Ap-
pendix G). For each time step, since we have equal prob-
abilities of positive and negative physical rotations, we
also have equal probabilities of positive and negative log-
ical rotations, leading to the effective logical channel:
N 0,± =
∑
~m
p~m
(
cos2
(
φ~m
2
)
I + sin2
(
φ~m
2
)
Z
)
which is just the logically twirled channel N 0,LT . Hence,
for such a random walk noise model, the logical channel
is already logically twirled and we just need to apply
conjugation to it to reduce the effect of the noise.
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Appendix K: Conjugating High Frequency Noise
For a coherent noise:
U(θ) = e−iHt,
the Hamiltonian H can be broken down into its Pauli
basis GH :
H =
∑
gi∈GH
βigi
Note that βi are real since H is Hermitian.
Now we define the magnitude of H to be E, and the
normalised version of H to be h where:
E =
√∑
i
β2i (K1)
h =
H
E
=
∑
gi∈GH
βi
E
gi =
∑
gi∈GH
αigi (K2)
for αi =
βi
E and
∑
i α
2
i = 1.
Now the evolution operator is just:
U(t) = e−iHt = e−ihEt
U(θ) = e−iθh
with θ = Et.
Suppose our noise channel is some high frequency noise
that is only coherent for a very short amount of time δt,
resulting in a rotation angle of  = Eδt:
U(±) = e±ih
≈ I ± ih− 
2
2
h2
= I − 
2
2
h2 ± ih
Within each time period δt, the coherent noise will have
a 50-50 chance for rotations in the positive and negative
directions, just like a random walk. Thus the effective
channel over a time period δt is just:
U(ρ) = 1
2
U()ρU†() +
1
2
U(−)ρU†(−)
=
(
I − 
2
2
h2
)
ρ
(
I − 
2
2
h2
)
+ 2hρh (K3)
which in the Pauli transfer matrix formalism is just:
U|ρ〉〉 =
(
I − 
2
2
h2 +2 h
)
|ρ〉〉
Composing N of such channels together we have:
UN |ρ〉〉 =
(
I − 
2
2
h2 +2 h
)N
|ρ〉〉
≈
(I − 2
2
h2
)N
+N2 h
(
I − 
2
2
h2
)N−1 |ρ〉〉
=
(I − 2
2
h2
)N
+N2 h
(
I − 
2
2
h2
)N−1 |ρ〉〉
≈
(
I − N
2
2
h2 +N2 h
)
|ρ〉〉
= U√N|ρ〉〉
Now if H (and thus h) contains coherent superposition
of multiple Pauli components, then as discussed in Sec-
tion II D, conjugation can be used to improve the logical
fidelity of the channel by changing the way these com-
ponents interfere. In particular, if a conjugation scheme
works for the channel U, then the same scheme should
also work for the composite channel UN ≈ U√N since
their Pauli components interfere in similar ways (as can
be seen from their similar structural dependence on h).
In the case of the global Z rotation that we considered
in Section IV, we have discussed why conjugation would
work for a single step of the random walk channel U in
Appendix J 3 (in which the channel is denoted as N 0,±).
Hence, by the arguments above, the same conjugation
scheme will also work for the composite channel which
corresponds to high frequency global Z noise.
Appendix L: Multi-round Twirling Set Reduction
The effective error channel with K rounds of twirling
is:
(N TK)G,G′ = 〈〈Π~0G|R
[
K∏
k=1
T (N )
]
|Π~0G
′〉〉
The argument about structure of noise (Section III B)
can still be applied to the twirling within each individual
rounds here, giving us a smaller set of twirling generators
W˜, from which we can obtained a reduced twirling set W:
(N TK)G,G′ = 1|W|K
∑
~W∈WK
〈〈Π~0G|R
K∏
k=1
W kNW k|Π~0G
′〉〉
Since we are summing all possible ~W and the twirling set
is a group on super-operator composition, we can do the
following change of variables: W kW k+1 ⇒W k+1, which
gives:
(N TK)G,G′
=
1
|W|K
∑
~W∈WK
〈〈Π~0G|R
(
K∏
k=1
W k
)(
1∏
k=K
NW k
)
|Π~0G
′〉〉
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In this form, our arguments about interaction of twirling
with the code space in Section III A can be applied to
the outermost twirling set, obtaining a reduced twirling
set W1. Hence, we have
(N TK)G,G′ = 1|W1||W|K−1
×
∑
~W∈W1×WK−1
〈〈Π~0G|R
(
K∏
k=1
W k
)(
1∏
k=K
NW k
)
|Π~0G
′〉〉
Similar arguments to Section III C can be made about the
symmetries in both noise and code. However, rather than
proving the equivalence of using two different Pauli oper-
ators in conjugation, we now will prove the equivalence of
using two different sets of Pauli operators in conjugation:
i.e. after find the symmetry U , we can say a Pauli con-
jugation set ~W ′ is equivalent to ~W when U ~WU† = ~W ′.
Here U ~WU† is defined as:
U ~WU† = (UW1U†, UW2U†, · · · , UWKU†)
Note that this is not a simple tensor product of the single
round case. For example, if W1 equivalent to W
′
1 due to
symmetry U and W2 equivalent to W
′
2 due to another
symmetry U ′, this does not means that ~W = (W1,W2) is
equivalent to ~W ′ = (W ′1,W
′
2) since the two elements are
related by different symmetry: U ~WU† 6= ~W 6= U ′ ~WU ′†.
Appendix M: Notation and Definition
: Super-operators. e.g. A(ρ) = AρA†.
: Super-super-operators. e.g. A(N ) = AN A†.
η: Commutator. AB = η(A,B)BA .
˜: Generating set. Note that A˜ means that A can be
generated from A˜, but does not means that A is
the complete set of elements that can be gener-
ated from A˜. In our paper, all the composition are
carried out ignoring the irrelevant phase factor of
the Pauli operators.
G: The Pauli set. It is not the Pauli group since we
are ignoring all the phase factors.
W: The twirling set.
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